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². ×ÈÑËÀ

§1. Ä²ÉÑÍ² ×ÈÑËÀ ( ¥ )

×èñëà 1, 2, 3, 4 ..., ÿê³ âèêîðèñòîâóþòüñÿ äëÿ ë³÷áè
ïðåäìåò³â àáî äëÿ òîãî, ùîá âêàçàòè ïîðÿäêîâèé íîìåð
òîãî ÷è ³íøîãî ïðåäìåòà ñåðåä îäíîð³äíèõ ïðåäìåò³â,
íàçèâàþòüñÿ íàòóðàëüíèìè.

¥  � ìíîæèíà íàòóðàëüíèõ ÷èñåë.

Çàêîíè àðèôìåòè÷íèõ ä³é
1. à + b = b + a (ïåðåñòàâíà âëàñòèâ³ñòü äîäàâàííÿ).
2. (à + b) + ñ = à + (b + ñ) (ñïîëó÷íà âëàñòèâ³ñòü äîäà-

âàííÿ).
3. àb = ba (ïåðåñòàâíà âëàñòèâ³ñòü ìíîæåííÿ).
4. (àb)ñ = à(bñ) (ñïîëó÷íà âëàñòèâ³ñòü ìíîæåííÿ).
5. à(b + ñ) = àb + añ (ðîçïîä³ëüíà âëàñòèâ³ñòü ìíîæåí-

íÿ â³äíîñíî äîäàâàííÿ).

Îçíàêè ïîä³ëüíîñò³ íàòóðàëüíèõ ÷èñåë
1. ßêùî êîæíèé äîäàíîê ä³ëèòüñÿ íà äåÿêå ÷èñëî, òî

³ ñóìà ä³ëèòüñÿ íà öå ÷èñëî.
2. ßêùî õî÷ îäèí ³ç ìíîæíèê³â ä³ëèòüñÿ íà äåÿêå ÷èñ-

ëî, òî ³ äîáóòîê ä³ëèòüñÿ íà öå ÷èñëî.
3. Íàòóðàëüíå ÷èñëî ä³ëèòüñÿ íà 2 òîä³ ³ ëèøå òîä³,

êîëè éîãî îñòàííÿ öèôðà ä³ëèòüñÿ íà 2;
íàòóðàëüíå ÷èñëî ä³ëèòüñÿ íà 3 òîä³ ³ ëèøå òîä³, êîëè

ñóìà éîãî öèôð ä³ëèòüñÿ íà 3;
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íàòóðàëüíå ÷èñëî ä³ëèòüñÿ íà 4, ÿêùî äâ³ éîãî îñòàíí³

öèôðè � íóë³ àáî óòâîðþþòü ÷èñëî, ÿêå ä³ëèòüñÿ íà 4;
íàòóðàëüíå ÷èñëî ä³ëèòüñÿ íà 5, ÿêùî âîíî çàê³í÷óº-

òüñÿ íà 0 àáî íà 5;
íàòóðàëüíå ÷èñëî ä³ëèòüñÿ íà 8, ÿêùî éîãî òðè îñòàíí³

öèôðè � íóë³ àáî óòâîðþþòü ÷èñëî, ÿêå ä³ëèòüñÿ íà 8;
íàòóðàëüíå ÷èñëî ä³ëèòüñÿ íà 9, ÿêùî ñóìà éîãî öèôð

ä³ëèòüñÿ íà 9;
íàòóðàëüíå ÷èñëî ä³ëèòüñÿ íà 10, ÿêùî âîíî çàê³í÷ó-

ºòüñÿ íà 0;
íàòóðàëüíå ÷èñëî ä³ëèòüñÿ íà 11, ÿêùî ñóìà éîãî

öèôð, ùî ñòîÿòü íà ïàðíèõ ì³ñöÿõ, äîð³âíþº ñóì³ öèôð,
ùî ñòîÿòü íà íåïàðíèõ ì³ñöÿõ, àáî â³äð³çíÿºòüñÿ â³ä íå¿
íà ÷èñëî, ÿêå ä³ëèòüñÿ íà 11;

íàòóðàëüíå ÷èñëî ä³ëèòüñÿ íà 25, ÿêùî äâ³ éîãî
îñòàíí³ öèôðè � íóë³, àáî óòâîðþþòü ÷èñëî, ÿêå ä³ëèòü-
ñÿ íà 25.

ÍÑÊ òà ÍÑÄ ê³ëüêîõ íàòóðàëüíèõ ÷èñåë
Ïðîñòå ÷èñëî ìàº ëèøå äâà ä³ëüíèêè � îäèíèöþ ³

ñàìå ÷èñëî.
ßêùî ÷èñëî ìàº á³ëüøå, í³æ äâà ä³ëüíèêè, òî âîíî

íàçèâàºòüñÿ ñêëàäåíèì.
Íàéá³ëüøèé ñï³ëüíèé ä³ëüíèê (ÍÑÄ) � íàéá³ëüøå ç

÷èñåë, íà ÿê³ ä³ëÿòüñÿ âñ³ çàäàí³ ÷èñëà.
Êîëè ÍÑÄ(à, b) = 1, òî ÷èñëà à ³ b � âçàºìíî

ïðîñò³.
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Ïîõ³äíà ñêëàäåíî¿ ôóíêö³¿

( )( )( ) ( )( ) ( )u v x u v x v x′ ′ ′= ⋅ ;

( )n n 1u n u u−′ ′= ⋅ ⋅ ;

( )u u ucos sin′ ′= − ⋅ ; ( )u u usin cos′ ′= ⋅ ;

( ) 2

1
tgu u

ucos
′ ′= ⋅ ; ( ) 2

1
ctgu u

usin
′ ′= − ⋅ ;

( )a

1
u u

u a
log

ln
′ ′= ⋅ ; ( ) 1

u u
u

ln ′ ′= ⋅ ;

( )u ua a a uln′ ′= ⋅ ; ( )u ue e u′ ′= ⋅ .

Ïîõ³äíà îáåðíåíî¿ ôóíêö³¿
f(x) i g(x) � âçàºìíîîáåðíåí³ ôóíêö³¿.

ßêùî ³ñíóº ( )0f x′  ³ ( )0g x′ , òî ( ) ( )0
0

1
g x

f x
′ =

′
.

Ïîõ³äí³ âèùèõ ïîðÿäê³â

( )( ) ( ) ( )n n nu v u v+ = + ;

( )( ) ( ) ( )nn k n kk
n

k 0
uv C u v −

=
= ∑ .
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XI. ²ÍÒÅÃÐÀË

Íåâèçíà÷åíèé ³íòåãðàë
Ôóíêö³ÿ F(õ) � ïåðâ³ñíà ôóíêö³¿ f(õ) íà ïðîì³æêó Õ,

ÿêùî äëÿ âñ³õ õ ç öüîãî ïðîì³æêó:

( ) ( )F x f x′ = ;

( ) ( )F x c f x dx+ = ∫ , äå ñ = const.

²íòåãðàëè äåÿêèõ ôóíêö³é

kdx kx c= +∫ ; 
1

dx x c
x

ln= +∫ ;

n 1
n x

x dx c
n 1

+

= +
+∫ ; x xe dx e c= +∫ ;

x
x a

a dx c
aln

= +∫ ; xdx x ccos sin= +∫ ;

xdx x csin cos= − +∫ ; 
2

1
dx tgx c

xcos
= +∫ ;

2

1
dx ctgx c

xsin
= − +∫ ; tgxdx x cln cos= − +∫ ;

ctgxdx x cln sin= +∫ .
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Îñíîâí³ ïðàâèëà ³íòåãðóâàííÿ

( ) ( )kf x dx k f x dx=∫ ∫ ;

( ) ( )( ) ( ) ( )f x g x dx f x dx g x dx+ = +∫ ∫ ∫ ;

( )( ) ( )f x dx f x′ =∫ ;

( ) ( )df x f x c= +∫ ;

udv uv vdu= −∫ ∫  � ³íòåãðóâàííÿ ÷àñòèíàìè.

( )( ) ( ) ( )f g x g x dx f z dz′ =∫ ∫  � çàì³íà çì³ííî¿, z = g(x).

Âèçíà÷åíèé ³íòåãðàë
ßêùî ôóíêö³ÿ ó = f(õ) âèçíà÷åíà íà â³äð³çêó [à; b] ³

à = õ
0
 < x

1
 < ... < x

n
 = b, òî

( ) ( )
i

b n 1

i i
x 0 i 0a

f x dx f b x
max

lim
∆

∆
−

→ =
= ∑∫ ,

äå [ ]i i i 1 i i 1 ib x ;x x x x, ∆+ +∈ = − .

Âëàñòèâîñò³:

b

a

dx b a= −∫ ; ( )
a

a

f x dx 0=∫ ;

( ) ( )
b a

a b

f x dx f x dx= −∫ ∫ ;



93

VII. ÊÓËß, ÑÔÅÐÀ

Ïîçíà÷åííÿ:
R � ðàä³óñ êóë³;
d � ä³àìåòð êóë³;
V � îá�ºì êóë³;
S � ïëîùà ñôåðè.

2 2S 4 R dπ π= = ;
3

34 d
V R

3 6

ππ= = ; 
3V

r
S

= , äå r � ðàä³óñ êóë³, âïèñà-

íî¿ â ìíîãîãðàííèê, îá�ºì ÿêîãî V, à ïëîùà ïîâíî¿ ïî-
âåðõí³ S.

×àñòèíè êóë³
Ïîçíà÷åííÿ:

R � ðàä³óñ êóë³;
h � âèñîòà ñåãìåíòà;
S � ïëîùà ñôåðè÷íî¿

ïîâåðõí³ ñåãìåíòà;
à � ðàä³óñ îñíîâè ñåãìåíòà;
V � îá�ºì ñåãìåíòà.

à) êóëüîâèé ñåãìåíò

( )2a h 2R h= − ;

( )2 2S 2 Rh a hπ π= = + ;

R

h

a

R
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( ) ( )2 2 2
ïîâíS 2Rh a 2a h. π π= + = + ;

2 h
V h R

3
π  = −  

.

á) êóëüîâèé ñåêòîð

( )2
ïîâíS R 2h 2Rh h. π= + − ; 22

V hR
3

π= .

â) êóëüîâèé øàð

( )3 2 2
1 2

1 1
V h r r h

6 2
π π= + + , äå r

1
 ³ r

2
 � ðàä³óñè êóëüî-

âîãî øàðó, h � éîãî âèñîòà.

ã) êóëüîâèé ïîÿñ

S 2 RHπ= , äå H � âèñîòà êóëüîâîãî ïîÿñó, R � ðàä³-
óñ äóãè, â³ä îáåðòàííÿ ÿêî¿ óòâîðåíî êóëüîâèé ïîÿñ.
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